We prove the existence of holomorphic functions f defined on any open convex subset Ω ⊂ C n , whose partial sums of the Taylor developments approximate uniformly any complex polynomial on any convex compact set disjoint from Ω and on denumerably many convex compact sets in C n \Ω which may meet the boundary ∂Ω. If the universal approximation is only required on convex compact sets disjoint from Ω, then f may be chosen to be smooth on ∂Ω, that is f ∈ A ∞ (Ω). Those are generic universalities.
Introduction
Analysis is the study of limiting processes. Not every limiting process, of course, converges, but examples have been found where processes diverge in a maximal way. Such an extreme behavior is often linked with the phenomenon of universality. The present paper lies with multidimensional universality. The first universal series was observed by Fekete before 1914. He showed that there exists a formal real power series on [-1; 1] that not only diverges at every point different from 0 but does so in the worst possible way. In 1951, Seleznev proved the existence of a (divergent) power series with universal approximation properties in C\ {0}. In 1970 and 1971, Luh and Chui and Parnes showed the existence of a universal Taylor series with non zero radius of convergence and universal properties outside the closure of the disk of convergence of the Taylor series ( [4] , [16] ). In 1987, Grosse-Erdmann proved that all these universalities (and many others) were generic and, thus, the use of Baire's theorem could yield considerable simplifications in the proofs of the already known universalities ( [8] ). Improved forms of universality results have been obtained by Nestoridis ([20] , [21] and [22] ), Melas and Nestroridis ( [17] and [18] ), Müller, V. Vlachou and A. Yavrian ( [19] ), and Nestroridis and Papadimitropoulos ( [23] ). Now, there is a systematic use of Baire's theorem in order to establish new generic universalities.
The theory of universal Taylor series in several complex variables is difficult to be developed because of lack of general approximation theorems as Mergelyan's or Runge's theorem. Recently, Clouâtre ([5] ) obtained Seleznev-type universal Taylor series in several complex variables. Now, the universal approximation is valid on any polynomially convex compact subset K ⊂⊂ C n that is disjoint from the origin. The Taylor series in [5] do not converge on any non-empty open subset of C n . In the present article, we prove the existence of holomorphic functions on any open convex subset Ω ⊂ C n , such that the partial sums of their Taylor development approximate any analytic polynomial P (z) on any convex compact set disjoint from Ω and on countably many convex sets contained in C n \Ω and possibly meeting the boundary ∂Ω of Ω. If we restrict our attention only on convex compact sets disjoint from Ω, then the universal function f may be chosen to be smooth on ∂Ω, that is f ∈ A ∞ (Ω). The key properties which make possible our proofs are Kallin's lemma and the Oka-Weil Theorem. Lemma 1.1 (Kallin's Lemma; see, for instance, [12] and [24] ) Suppose K 1 and K 2 are polynomially convex subsets of C n , suppose there is a polynomial p mapping K 1 and K 2 onto two polynomially convex subsets F 1 and F 2 of the complex plane such that 0 is a boundary point of both F 1 and F 2 and with
According to Kallin's lemma, if K 1 and K 2 are two compact sets in C n and p a polynomial such that the polynomial convex hulls p (K 1 ) and p (K 2 ) are disjoint, then the polynomial convex hull K 1 ∪ K 2 of the union K 1 ∪ K 2 equals the union K 1 ∪ K 2 of the polynomial convex hulls. Using Kallin's lemma and the fact that every compact convex set in C n is polynomially convex, one deduces that Lemma 1.2 The union K 1 ∪ K 2 of two disjoint compact convex sets K 1 and K 2 is polynomially convex.
Then, application of the Oka-Weil theorem (see, for instance, [26] ) guarantees that It follows that every holomorphic function f on Ω 1 ∪ Ω 2 may be approximated uniformly on compact sets by a sequence of holomorphic polynomials. Hence, by Weierstrass theorem, we obtain the following. Lemma 1.5 There exists a polynomial Q approximating f uniformly on any prescribed compact set L ⊂ Ω 1 ∪ Ω 2 and such that a finite set of partial derivatives D (ℓ) Q approximate uniformly on L the corresponding partial derivatives D (ℓ) f of f , provided that Ω 1 and Ω 2 are two disjoint open convex subsets of C n and f is holomorphic in
In this paper, the above facts from the theory of functions of several complex variables are combined with the abstract theory of universal series ( [2] , [23] ). To do this, we fix any enumeration (N j ) j=0,1,2,... of N n and we order all monomials in the Taylor development of any holomorphic function using this enumeration. The universal approximation is carried out by partial sums of the form
The abstract theory of universal series allows that, if we start by any infinite set M ⊆ N, then we can always require that all the indices λ N , such that the corresponding partial sum S λ N (f, ζ) (z) do the universal approximation, may be chosen in M; that is λ N ∈ M for all N = 1, 2, . . . . Therefore, choosing the enumeration (N j ) j=0,1,2,... of N n properly and the infinite set M ⊆ N in a good way, we see that the partial sums realizing the approximation can take the form
Certainly the results given below are much more general. The abstract theory of universal series, which is used in the present article, is based on Baire's category theorem. For the role of Baire's theorem in Mathematical Analysis we refer to [9] and [11] .
Of course, a natural question which may now be asked is the following. Can our universality results generalize to more general domains and to more general compact sets in C n ? The general answer depends strongly on the polynomial convexity of a finite union of disjoint polynomially convex compact subsets of C n . In this direction, we recall some basic and elementary facts concerning unions of polynomially convex compact sets.
(i) The union of a polynomially convex compact set and a finite set of points is polynomially convex (see, for instance Remark 4 in [25] ).
(ii) If K 1 ∪ K 2 is polynomially convex and compact,
(iii) The union of a polynomially convex compact set and finitely many disjoint smooth compact curves in its complement is polynomially convex ( [28] ). Notice that the smoothness of the compact curves is an essential condition. For instance, there exist (non-smooth) arcs with non-trivial polynomial convex hulls: J. Wermer gave the first example of an arc in C 3 that is not polynomially convex ( [30] ). Furthermore, the notion of polynomial convexity is not invariant under biholomorphic mappings. This phenomenon was first observed by J.Wermer ([31] ).
(iv) Let K be a compact set disjoint from the closed ball B. Assume that K is a finite union of disjoint polynomially convex sets. Then for every ǫ > 0 there is a compact set K ǫ ⊂ K, such that B ∪K ǫ is polynomially convex and |K \ K ǫ | < ǫ (see, for instance, Lemma 3.6 in [6] ).
Further, for three polynomially convex compact sets in C n , we also have the next promising result. If B 1 , B 2 and B 3 are three pairwise disjoint closed balls in C n then their union B 1 ∪ B 2 ∪ B 3 is polynomially convex ( [13] ). However, there exist three congruent, pairwise disjoint, closed polydisks P 1 , P 2 and P 3 in C 3 such that P 1 ∪ P 2 ∪P 3 is not polynomially convex ( [13] ). Notice that Kallin's proof actually used polydisks parallel to the coordinate axes. This is, however, not possible in C 2 (see [27] ). Another counterexample was proved in 1984 by A. M. Kytmanov and G. Khudǎiberganov: there exist three congruent, pairwise disjoint, closed complex ellipsoids E 1 , E 2 and E 3 in C 3 such that E 1 ∪ E 2 ∪ E 3 is not polynomially convex ( [14] , [15] ).
The first example of three pairwise disjoint compact convex sets in C 2 whose union is not polynomially convex was published by J.-P. Rosay in 1989: there exist three congruent, pairwise disjoint, convex closed limited tubes T 1 , T 2 and T 3 in C 2 such that T 1 ∪ T 2 ∪ T 3 is not polynomially convex. Here the limited tube in C 2 with base domain
Finally, in 1996, U. Backlund and A. Fällström proved the last well known counterexample: There exist a positive integer k and three pairwise disjoint, closed sets
have been studied by E. Bedford and S. Pinchuk ( [3] ). Summarizing, the union of three convex disjoint compact subsets of C n is not polynomially convex in general. This is an obstacle in order to obtain universal approximation on more general compact sets which are not convex. However, in the last section of the present paper we state some weak universality results where the universal approximation is valid on finite unions of disjoint smooth curves. This is obtained for special domains Ω ⊂ C n as domains of definition of the universal functions not necessarily convex.
Universalities in O (Ω)
Let Ω ∈ C
n be an open convex set and let O (Ω) the space of all holomorphic functions in Ω. Let also ζ ∈ Ω, ζ = (ζ 1 , ζ 2 , . . . , ζ n ), be a fixed point in Ω. Every holomorphic function f ∈ O (Ω) has a Taylor development:
The space O (Ω) endowed with the topology of uniform convergence on compact subsets of Ω is a Fréchet space. A standard metric on O (Ω) yields naturally a metric d on A, such that the map
becomes a surjective isometry. Thus, (A, d ) is a complete space. It is easy to see that
2) The set C oo := {a = (a 0 , a 1 , . . . , a M , 0, 0, 0, . . . ) : M ≥ 0} is contained in A
3) The set C oo is dense in A (with respect to the metric d).
The last statement is true, since, by the Oka-Weil theorem, the set of polynomials is dense in O (Ω), for any convex open subset Ω ∈ C n (see, for instance, [26] ). Now let K ∈ C n be a compact convex set, such that K ∩ Ω = ∅. Let also X be the space of restrictions of all polynomials on K endowed with the metric ̺ induced by the supremum norm on K. Let finally x j ∈ X, j = 0, 1, 2, ... denote the sequence x j = (z − ζ) N j , where N j is the enumeration of N n considered previously (j = 0, 1, 2, ...). Let also M be an infinite subset of N. ii. λm j=0 a n j e j −→ m→∞ a, with respect to d.
where e j = (0, . . . , 0, 1, 0, . . . ) and 1 appears in the j th place.
According to [2] , [23] , a necessary and sufficient condition to hold
is that, for every P ∈ X and every ǫ > 0, there
b j x j , P < ǫ.
Translating to our context, it suffices to show that, for each compact convex set L ⊂⊂ Ω and any polynomial P (z) ∈ X, there exists a complex polynomial Q (z) such that sup z∈L |Q (z)| < ǫ and sup z∈K |Q (z) − P (z)| < ǫ.
To do so, let us consider the compact set L ∪ K. By Lemma 1.2, this is a polynomially convex compact set, as the union of two disjoint compact convex subsets of C n . The function
From the Oka-Weil theorem, it follows that there exists a polynomial Q (z) such that
Thus, sup z∈L |Q (z)| < ǫ and sup z∈K |Q (z) − P (z)| < ǫ. We infer
Hence, according to [2] or [23] , we have proved the following result.
Proposition 2.3 Let M be an infinite subset of N. Let Ω ⊂ C
n be an open convex set, ζ ∈ Ω be fixed and K ⊂ C n be a compact convex set disjoint from Ω. Let also (N j ) j=0,1,2,... be any enumeration of N n . Then there exists a holomorphic function f ∈ O (Ω) whose partial sums
of the Taylor development of f around ζ satisfy the following.
For every holomorphic polynomial P (z), z ∈ C n , there exists a sequence (λ N ∈ M) N =1,2,... such that
The set of all such functions f is a dense G δ subset of O (Ω) and contains a dense vector space except 0, where O (Ω) is endowed with the topology of uniform convergence on compacta.
Remark 2.4 Since, for any compact convex set K ⊂⊂ C n , the set of polynomials is dense in O (K), it follows that in Proposition 2.3 the partial sums S λ (f, ζ) (z) approximate uniformly on K any function holomorphic in any (varying) neighbourhood of K. This applies to all the results of the present paper.
Combining Proposition 2.3 with Theorem 3 in [2]
, we can obtain a similar result simultaneously for all sets K in any denumerable family of compact convex subsets of C n disjoint from Ω. In particular, if K is a compact convex set disjoint from Ω, then it can be separated from Ω using a hyperplane defined by a real linear functional with coefficients in Q. Thus, there exists a denumerable family of compact convex sets disjoint from Ω containing all other such K's. Hence, we get the following result.
Theorem 2.5 Let M be an infinite subset of N. Let Ω ⊂ C
n be an open convex set and (K m ) m=1,2,... be a family of compact convex subsets of C n disjoint with Ω. Let ζ ∈ Ω be fixed and let (N j ) j=0,1,2,... be any enumeration of N n . Then there exists a holomorphic function f ∈ O (Ω) such that the partial sums
of the Taylor development of f around ζ satisfy the following. For every compact convex set K ⊂⊂ C n which is disjoint from Ω or it is equal to K m for some m = 1, 2, . . . and for every analytic polynomial P (z), z ∈ C n , there exists a sequence (λ N ∈ M : N = 1, 2, . . . ) such that
Remark 2.6 If we allow the center of expansion ζ to vary in Ω, then, combining Theorem 2.5 with Theorem 3 in [2] , we obtain the following stronger version of Theorem 2.5. For every compact subset L ⊂⊂ Ω we have
as N → ∞. This result is also generic in the space O (Ω), provided that the open set Ω ⊂ C n is convex.
Remark 2.7
For particular open convex sets Ω ⊂ C n , the result of Theorem 2.5 remain valid simultaneously for all compact convex sets K disjoint from Ω. This is the case for instance if
Let Ω ⊂ C n be an open convex set. A holomorphic function f ∈ O (Ω) belongs to A ∞ (Ω), if every order's partial derivative of f extends continuously on Ω. We endow A ∞ (Ω) with the topology of uniform convergence of any order's partial derivatives on each compact subset of Ω. It is well known that A ∞ (Ω) is a F réchet space.
Proposition 3.1 The set of polynomials is dense in
Proof Without loss of generality, we may assume that 0 ∈ Ω. If f ∈ A ∞ (Ω) and 0 < r < 1, we denote by f r the function f r (z) = f (rz) which is holomorphic in an open neighbourhood of Ω. We can easily cheek that f r → f in A ∞ (Ω) as r → 1. Thus, f can be approximated in the topology of A ∞ (Ω) by some f r , 0 < r < 1. Since f r is defined in an open neighbourhood of Ω and Ω is convex, it follows easily that f r may be approximated in the topology of A ∞ (Ω) by polynomials 1 (see, for instance, Theorem 4.12.1, page 143, in [7] ). Thus, the set of polynomials is dense in A ∞ (Ω), for any Ω ⊂ C
n being an open convex set. According to [2] , in order to establish existence of universal Taylor series in A ∞ (Ω), it suffices to prove the following.
Lemma 3.2
Let Ω ⊂ C n be an open convex set. Let K ⊂⊂ C n be a compact convex set disjoint from Ω and let P (z) be a holomorphic polynomial on C n . Let also 0 < δ, ǫ < ∞. Let F be a finite set of symbols of partial derivation. Then there exists a holomorphic polynomial Q (z) such that
• D (ℓ) Q and D (ℓ) P denote partial derivatives of Q and P respectively, that come from the same symbol
Proof We remark that, since K and Ω D (0; δ) are disjoint compact convex sets in C n , we can find disjoint open convex sets
1 A compact polynomially convex set K ⊂ C n admits a basis of pseudoconvex neighbourhoods (Ω ν ) ν∈N that are Runge in C n , in the sense that the algebra of polynomials P is dense in every O (Ω ν ) . and K ⊂ Ω 2 . It is easily seen that Ω 1 ∪ Ω 2 is a Runge domain. Let us consider the holomorphic function
There exists a sequence of polynomials Q k , k = 1, 2, ... converging to w uniformly on compact subsets of Ω 1 ∪ Ω 2 . Since Ω 1 ∪ Ω 2 is open, Weierstrass theorem applies. Thus,
uniformly on every compact subset of Ω 1 ∪ Ω 2 , whenever ℓ = (ℓ 1 , . . . , ℓ n ) ∈ N n . Therefore, there exists a k 0 ∈ N such that, for all ℓ in the finite set F we have
Combination of Lemma 3.2 with Theorem 3 in [2] , gives the following result. Let Ω ⊂ C n be an open convex set and ζ ∈ Ω. Let also (N j ) j=0,1,2,... be any enumeration of N n . Then there exists a holomorphic function f ∈ A ∞ (Ω) such that the partial sums
. . satisfy the following. For every compact convex set K ⊂⊂ C n which is disjoint from Ω and every holomorphic polynomial P (z), z ∈ C n , there exists a sequence (λ N ∈ M :
Here
and the a N j (f, ζ) are well defined even for ζ ∈ ∂Ω, by the continuity of every D (N j ) f on Ω. The set of all such functions f is dense and G δ in A ∞ (Ω) and contains a dense vector subspace except 0.
Combining Theorem 3.3 with Theorem 3 in [2] , we obtain the following. N j ) j=0,1,2,. .. be any enumeration of N n . Then there exists a holomorphic function f ∈ A ∞ (Ω) such that the following hold. For every compact convex set K ⊂⊂ C n disjoint from Ω and every holomorphic polynomial P (z), (z ∈ C n ), there exists a sequence (λ N ∈ M) N =1,2,... with the following properties. For each compact set L ⊂ Ω, we have
Further Results
Since the disjoint union of a polynomially convex compact set with a finite number of smooth compact curves in its complement is polynomially convex ( [28] ), our method yields the following . Proposition 4.1 Let Ω ⊂ C
n be an open set such that Ω = Ω o and Ω is a polynomially convex compact set. Let P ∞ (Ω) be the closure in A ∞ (Ω) of the set of polynomials. Let also M ⊂ N be an infinite set and (N j ) j=0,1,2,... be an enumeration of N n . Let also (K m ) m=1,2,... be a sequence of compact subsets of Ω c , such that each K m is a disjoint union of a finite number of smooth compact curves. Then, there exists a holomorphic function f ∈ P ∞ (Ω) such that, for every m ∈ {1, 2, . . . } and every analytic polynomial P, there is a sequence
n . The set of all such functions f ∈ P ∞ (Ω) is a dense and G δ subset of P ∞ (Ω) and contains a vector space except 0.
To give another application of our method, let us recall a well known result by G. Henkin. In view of Lemma 4.2, our method yields immediately the following.
Corollary 4.3
Let Ω ⊂ C n be a strictly pseudoconvex domain with C 2 boundary. Suppose Ω is a polynomially convex compact subset of C n . Let M ⊂ N be an infinite set and (N j ) j=0,1,2,... be an enumeration of N n . Let also (K m ) m=1,2,... be a sequence of compact subsets of Ω c , such that each K m is a disjoint union of a finite number of smooth compact curves. Then, there exists a function f ∈ A (Ω) such that, for every m ∈ {1, 2, . . . } and every analytic polynomial P, there is a sequence (λ N ∈ M) N =1,2,... such that for every compact set L ⊂ Ω the following hold
The set of all such functions f ∈ A (Ω) is a dense and G δ subset of A (Ω) and contains a vector space except 0.
Proposition 4.4
Let Ω ⊂ C n be an open set which admits an exhausting family of compact sets, which are polynomially convex. Let M ⊂ N be an infinite set and (N j ) j=0,1,2,... be an enumeration of N n . Let also (K m ) m=1,2,... be a sequence of compact subsets of Ω c , such that each K m is a disjoint union of a finite number of smooth compact curves. Then, there exists a holomorphic function f ∈ O (Ω) such that, for every m ∈ {1, 2, . . . } and every analytic polynomial P, there is a sequence (λ N ∈ M) N =1,2,... such that for every compact set L ⊂ Ω the following hold The set of all such functions f ∈ O (Ω) is a dense and G δ subset of O (Ω) endowed with the topology of uniform convergence on compact subsets of Ω and contains a vector space except 0.
Corollary 4.5 Let Ω ⊂ C
n be an open set. Suppose ̺ : Ω → C is a continuous plurisubharmonic exhaustion function for Ω so that each sublevel set Ω c = {z ∈ Ω : ̺ (z) < c} is relatively compact in Ω. Let M ⊂ N be an infinite set and (N j ) j=0,1,2,... be an enumeration of N n . Let also (K m ) m=1,2,... be a sequence of compact subsets of Ω c , such that each K m is a disjoint union of a finite number of smooth compact curves. Then, there exists a holomorphic function f ∈ O (Ω) such that, for every m ∈ {1, 2, . . . } and every analytic polynomial P, there is a sequence (λ N ∈ M) N =1,2,... such that for every compact set L ⊂ Ω the following hold The set of all such functions f ∈ O (Ω) is a dense and G δ subset of O (Ω) endowed with the topology of uniform convergence on compact subsets of Ω and contains a vector space except 0. Proof It is well known that each region Ω c is a Runge domain (see, for instance, Theorem 1.3.7, page 25, in [29] ). Since every Runge domain can be exhausted by polynomially convex compact sets, the open set Ω ⊂ C n admits an exhausting family of compact sets, which are polynomially convex. Application of Proposition 4.4 completes the proof.
